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Warm-up: Give three functions thatch

have 38x2° as their first derivative.




An anti-derivative of f is a function whose derivative is f.
So “F(x) is an anti-derivative of f(x)” means that I''(x) = f(x).

Task: Describe all anti-derivatives of 10x%.

%5 + any conskant

It's common to write this as 2x% + C,

When we calculate the “area under a curve” (really the signed area), we
consider parts of the shape below the x-axis to have negative area.



Example: The “area under y = 2—~xfromx = 0tox = 4"is
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Example: The "area under y = )—~xfromx=0tox = 6"is
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We write

b
[

for the area under y = f(x) between x = a and x = b.

The Fundamental Theorem of Calculus

b
If is continuous, then[ f(x)dx = F(b) — F(a),

where F(x) is any function for which F'(x) = f(x).




The Fundamental Theorem of Calculus (or FTC) can be used to find the area
from the triangle examples.

& b
U W g Jf(x) dx = F(b) - F(a)
5\0 (2-2)dx = F(6) - F(0) a o
where F(x) = 2 - %Xq
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(&) - F(0) = (2(&) - 2(6)) - (0




Subbraction

Because we do F(b) — F(a) so often, it is helpful to have a shorter way to
write this. The notation

x=b b
g(x) or gx)
X=A d
means g2(b) — g(a). not the
This is NOT an integral. It is just subtraction. 5“‘;"@- Qs
7 j\ q Ax
Example: Calculate cos(x)| . a
0

cos{m) - cos(0) = (-1) - (1) = -2



x=b

b
J f(x)dx = F(x) with F’ = f

4
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The properties below can be explained—and therefore easily
remembered!—Dby thinking of (signed) area or thinking of anti-derivatives.

Assume f, g are functions, and a, b, ¢ are constants.

b C C , a
ledx+[fdx=[fdx e[(c-f)dxzc-dex

a b a b

b b b b a
ledx+Jgdx=[(f+g)dx @[fdxz—dex

a a a a b
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Task 2: Calculate [ x—2 dx.
0

~ural answer: 13/2
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Task 3: Calculate
[ 2 cos(x) ifx > .

0

f(x) dx for the function f(x) = {

Final answer: 1 - ™™
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The integrals we have done so far are examples of “definite integrals”.

2 7
L 9)
o Definite: [ x‘dx = —
i 3
In order to calculate this, we needed to use %x3.

An indefinite integral is just a way of writing all the anti-derivatives of a
function. We use the fsymbol but do not put any numbers at the top or

bottom.

o Indefinite: sz dXei = %XB = Lk g



Nobation (how to write wakh)

Newton

Leibniz

Euler /
Lagrange

Derivative

of f

f

df

dx

g

Anti-derivative

of f

[fdx

All the ways of writing
derivatives are still
common today.

Only ffdx is common

for anti-derivatives. We
will talk more about this
notation later.



Power

d
Derivatives: —x"* = n x"*~ !
dx
1
Integrals: [x” dx = KWL 44 CLalE o 8
n+1 f o

[X_l dx = ln{x) + C



Find [(cos(x) +2x%dx = (jc:os(x) cix) + Z(J\x‘” dx)

We are using “+C” to mean “plus any constant” each time.

Cz=C1+2C;



Find [(cos(x) +2x%dx = (j&os(x) clx) + Z(J\x" dx)

We are using “+C” to mean “plus any constant” each time.



[sin(x) dx = —cos(x) + C [\/)_c dx = fxl/ 2 x

e

X proony 1 X i 3
JS dx = m(?)? €



Find J'(x2 + 5)% (2x) dx.

Hint: Use a new variable 1 = x? + 5.

Au

— = 2X
Ax

It may seem like cheating to pretend that du/dx is a fraction,

but it's actually ver k@lf?“fu,i. to say du = 2x dx because we can
use bthis ko rewrite ?b\e original integral as an integral with wu.

Adu = 2x dx

W= %X + &

y(xz‘!'é')? 2x dx = J\u’? du =




u-subskibubion

When we see a function and its derivative in a certain configuration, we can
re-write an integral using “substitution”.

o As a general formula, we have

[Alew)g dr = [fudn  whereu = gt

but examples may be easier to understand than this formula.

@ We often use u as the new variable of integration, so this method is also
called “u-substitution”.



Task 1: Find [6)62 cos(x” + 9) dx.

In qgeneral, we need Hu) mulkiplied b*j uw’ or bv w’
wikth constant, cos(x3+9) 3% (3x2)

Using u = x3+9, we can qet the answer 2sin(x3+9) + C,



1

x In(x)

dx.

Task 2: Find J

You can try each of these:

1 1
w = Lla(x u = u = —
( ) LM,(X) X
AL =k
u du bt @ du - .

Only u = Lin(x) is actually useful. Final answer: Ln(ln(x)) + C,




